Interior angle vectors of polytopes are semi-discrete analogs of f -vectors that take into account the interior angles at faces measured by spherical volumes. In this context, Gram's relation takes the place of the Euler-Poincaré relation as the unique linear relation among the entries of the interior angle vectors. Simple and normalized cone valuations naturally generalize spherical volumes and in this paper we study the associated interior and exterior angle vectors. We show that for any given cone valuation, Gram's relation is the unique linear relation that is satisfied by all generalized interior angle vectors. To show uniqueness, we prove that the angle vectors of a zonotope are independent of the cone valuation and only depend on the combinatorics of the zonotope.
Introduction
For a convex polytope P of dimension d, let f i (P ) be the number of faces of P of dimension i = 0, 1, . . . , d− 1. The Euler-Poincaré relation states that the face numbers satisfy (1) f 0 (P ) + f 1 (P ) − f 2 (P ) + · · · + (−1) d−1 f d−1 (P ) = 1 − (−1) d .
For three-dimensional polytopes, this is Euler's famous Polyhedron Formula, proved in 1752. For d ≥ 4, the first complete proof was given by Poincaré [23] . This simple linear relation among the face numbers of polytopes is the key to a rich interplay of geometry, combinatorics, and algebra; see, for example, [5, 25, 20] . Moreover, the Euler-Poincaré relation (1) is, up to scaling, the only linear relation among the face numbers of polytopes of fixed dimension d, as was shown by Höhn [16] ; see also [15, Sect. 8.1] .
Less well-known is that interior angles of polytopes also satisfy an Euler-type relation. To illustrate, let P be a convex polygon with vertices v 1 , . . . , v n . Let α(v i , P ) be the interior angle of P at v i and set α 0 (P ) = i α(v i , P ) = (n − 2)π. Now choose a point p i in the relative interior of every edge e i ⊂ P and let α(p i , P ) be the angle of P at p i . Clearly, α(p i , P ) = π, independent of the chosen point p i ∈ relint(e i ) and α 1 (P ) := i α(p i , P ) = nπ. We call α(P ) = ( α 0 (P ), α 1 (P )) the interior angle vector of P . Obviously α 0 (P ) − α 1 (P ) = −2π and this is the only linear relation satisfied by the interior angle vectors of polygons. What is less obvious is that this relation is independent of the notion of angle that is being used. Let us explain.
We define the tangent cone of a convex d-dimensional polytope P ⊂ R d at a point q ∈ P as T q P := {u ∈ R d : q + εu ∈ P for some ε > 0} .
It is easy to see that T q P = cone(−q +P ) is a polyhedral cone that depends only on the unique face F ⊆ P that contains q in its relative interior. We thus write T F P := T q P for a face F ⊆ P and q ∈ relint(F ). As the name suggests, tangent cones capture the polyhedral structure of P locally at a face F ; cf. [6, Ch. 3] for more on this. For example, if P is a polygon and v ∈ P a vertex, then T v P = cone(u − v, w − v), where u, w are the vertices adjacent to v.
Let C d be the collection of polyhedral cones in R d with apex at the origin. A map α : C d → R is a cone valuation if α({0}) = 0 and α(C ∪ C ) = α(C) + α(C ) − α(C ∩ C ) for all C, C ∈ C d such that C ∪ C , C ∩ C ∈ C d . A cone valuation α is simple if α(C) = 0 whenever dim C < d and we call α a cone angle if in addition α(R d ) = 1. For example,
where B d the unit ball centered at the origin naturally extends the notion of angle from the plane to cones in higher dimensions and we call ν the standard cone angle 1 . More generally, α(C) = B d ∩C f dµ defines a cone angle for any integrable function f such that B d f dµ = 1, but, as explained in Section 2, cone angles capture more than just measures on spheres. Note that we do not require cone angles to be rotationally invariant or nonnegative.
For a given cone angle α, the interior angle of a full-dimensional polytope P ⊂ R d at a face F ⊂ P is then α(F, P ) := α(T F P ) and we define the interior angle vector α(P ) = ( α 0 (P ), . . . , α d−1 (P )) by
where the sum is over all faces F ⊂ P of dimension i. Our first main result is this.
Theorem 1.1. Let α be a cone angle. Then any full-dimensional polytope P ⊂ R d with d > 0 satisfies Gram's relation (4) α 0 (P ) − α 1 (P ) + α 2 (P ) − · · · + (−1) d−1 α d−1 (P ) = (−1) d+1 .
Moreover, this is the only linear relation, up to scaling.
For α = ν the standard cone angle, the linear relation of Theorem 1.1 was shown by Gram [12] in dimensions ≤ 3. A complete proof for ν in all dimensions was given by Höhn [16] . Let f (P ) = (f 0 (P ), . . . , f d−1 (P )) be the f -vector of P . Perles and Shephard [22] interpreted f (P ) − 2 ν(P ) as the expectation of f (π(P )), where π is the orthogonal projection onto a random hyperplane; see also [28] . From this Gram's relation follows simply from the linearity of expectation. In [22] another proof of (4) is sketched that works for general cone angles. Our proof of (4) is a consequence of a conical version of the Brianchon-Gram relation of [2] . In Section 2, we also study linear relations on exterior angle vectors associated to a cone angle α. Roughly speaking, the exterior angle q α(F, P ) of a polytope P at a face F is the α-angle of the cone of linear functions whose maximum over P is attained at F . Accordingly, the exterior angle vector is q α(P ) = (q α 0 (P ), . . . , q α d−1 (P )) where q α i (P ) is the sum of exterior angles of faces of dimension i.
Höhn [16] also showed that for the standard cone angle ν, Gram's relation (4) is the only linear relation up to scaling. His proof shows that a linear relation on ν(P ) yields a linear relation on f (P ). Höhn's proof, however, makes use of salient features of ν that are not shared by general cone angles and hence does not yield a proof of Theorem 1.1. For our proof, we establish a powerful relation between the geometry and the combinatorics of zonotopes. We show that for a zonotope Z, the interior and exterior angle vector are independent of the chosen cone angle and only depend on the combinatorics of Z! We then complete the proof of Theorem 1.1 by exhibiting sufficiently many zonotopes whose corresponding angle vectors are affinely independent. In the case of polygons, it is not difficult to see that for a 2n-gon P such that antipodal edges are parallel, we get α 1 (P ) = n for any cone angle α. With Gram's relation we infer α 0 (P ) = n − 1 and the uniqueness follows.
To make the connection to combinatorics precise, let us write L(P ) for the linear subspace parallel to the affine hull of a given polytope P ⊂ R d . The poset of flats of P is the collection of linear subspaces L(P ) := {L(F ) : ∅ = F ⊆ P } partially ordered by inclusion. This is a finite graded poset of rank d with minimum 0 = {0} and maximum 1 = L(P ). We will sometimes need the opposite poset of L(P ), i.e., the collection of subspaces ordered by reverse inclusion, which we denote by L(P ) op . For 0 ≤ i ≤ d, the Whitney numbers of the first and second kind of L = L(P ) are given by
where the sum is over all a ∈ L of rank i and µ L and ζ L are the Möbius-and zeta function of L. Whitney numbers of posets are important invariants; see, for example, [17, 1] . Whereas W i (L) is the number of elements of rank i, the value w i (L) has in general a less direct interpretation. Our second result gives a direct relation between angles and Whitney number in the case of zonotopes.
for all i = 0, . . . , d − 1.
Theorem 1.2 is proved in Section 3. In Section 4, we review angles on zonotopes from the perspective of incidence algebras. This yields an elegant algebraic proof for Theorem 1.2. For the standard cone angle, the second equation in Theorem 1.2 was proved in Klivans-Swartz [18] using ideas similar to those in [22] involving projections of zonotopes. Klivans and Swartz also proved a beautiful relation between spherical intrinsic volumes of a zonotope Z and Whitney numbers of L(Z). A simple proof of this fact follows from the algebraic perspective on angles; cf. Corollary 4.6.
The second purpose of this paper is to introduce and study flag-angles of polytopes, a counterpart of flag-vectors of polytopes for cone angles. Let P be a graded poset of rank d + 1 with maximal element 1 and minimal element 0. For S ⊂ [d] := {1, . . . , d}, the flag-Whitney number of the second kind W S (P ) is the number of chains c 1 ≺ c 2 ≺ · · · ≺ c k in P such that S = {rk c 1 , rk c 2 , . . . , rk c k }. The resulting vector W(P) = (W S (P)) S ∈ R 2 [d] is commonly known as the flag-vector of P. We will define an analogue w S (P), the flag-Whitney numbers of the first kind in terms of the Möbius function of P in Section 5. Whereas the Whitney numbers W i (P) capture a static picture, the flag-Whitney numbers record the interaction among the elements of P. Flag-vectors of face posets of polytopes or, more generally, of Eulerian posets have received considerable attention, starting with the seminal paper Bayer-Billera [5] . Bayer and Billera showed that the linear dependencies among the entries of W(P) are governed by the so-called generalized Dehn-Sommerville relations, which imply that the flag-vectors of Eulerian posets of rank d + 1 span an affine space of dimension F d , where F d is the d-th Fibonacci number.
Let α be a cone angle on C d and P ⊂ R d a full-dimensional polytope. For a nonempty subset
where the sum is over all chains of faces of P such that dim F i = s i for i = 1, . . . , k. This gives rise to the interior flag-angle vector α(P ) = ( α S (P )) S . Likewise, we define the exterior flag-angle vector q α(P ) = (q α(P )) S . For convenience, we set q α ∅ (P ) := α ∅ (P ) := 1. Moreover, the affine hull of exterior flag-angles as well as the affine hull of interior flag-angles is of
The following result is an extension of Theorem 
where r = min(S).
We prove the Theorems 1.3 and 1.4 in Section 5 using the algebraic tools developed in Section 4. As before, Theorem 1.4 is the key to proving the second claim of Theorem 1.3 and we argue that it suffices to prove the dimension claim only for the exterior flag-angle vectors. This amounts to showing that there are no linear relations on flag-vectors of L(Z) for d-dimensional zonotopes Z. This strengthens a result of Billera-Hetyei [8] . The proof is given in Section 6 by extending the coalgebra techniques of Billera-Ehrenborg-Readdy [7] .
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Cone angles and linear relations
Let us start by extending the notion of angle to polytopes P ⊂ R d of dimension dim P ≤ d. This will be more convenient and needed in Section 5. Recall that L(P ) is the linear subspace of dimension dim P that is parallel to P . The tangent cone (or inner cone) of P at a face F ⊆ P is
where q is a point in the relative interior of F . If P is full-dimensional, then we recover the definition from the introduction.
The normal cone of a face F ⊆ P is the polyhedral cone
As stated in the introduction, a cone angle α :
The standard cone angle is given by
but, of course, B d can be replaced by any other measurable set and, more generally, α(C) := µ(C ∩ S d−1 ) defines a cone angle for any normalized signed measure µ on the sphere. However, cone angles are more general. For example, for any point q ∈ R d , let B ε (q) be the ball with radius > 0 centered at q. Then
defines a simple valuation which, for q = 0 does not come from a measure.
A cone angle α gives rise to an interior and an exterior angle of P at a face F ⊆ P by
and consequently the interior and exterior angle vectors α(P ) and q α(P ) by way of (3).
The next construction yields a universal cone valuation. Let ZC d be the free abelian group with generators e C for C ∈ C d . Let U ⊂ ZC d be the subgroup generated by
for all cones C, D ∈ C d such that C ∪ D, C ∩ D ∈ C d and let S be the subgroup generated by all elements e C for which dim C < d. We call S :
defines a valuation. Volland [27] essentially showed that every valuation lifts to a homomorphism on S. We record this as follows.
Theorem 2.1 (Volland) . The map C d → S given by C → e C is the universal cone valuation.
By work of Grömer [14] we can identify elements in ZC d /U with linear combinations of indicator functions
We will make extensive use of this correspondence. In particular, we can define the universal interior and exterior angle vectors. We will describe them a little differently. Let S[t] be the abelian group of formal polynomials in t with coefficients in S. For a polytope P , we define
where in both cases the sum is over all nonempty faces F ⊂ P . Thus, if α is a cone angle, then α(P ) is naturally identified with the coefficients of α(T P ). Here is the first benefit. Proof. Note that O v P = N v P for any vertex v ∈ P . Now, for a general c ∈ R d , the linear function x → c, x will be maximized at a unique vertex of P .
as elements in S and to complete the proof we apply α to both sides of the equation.
To complete the first half of Theorem 1.1, recall that the homogenization of a polytope P ⊂ R d is the polyhedral cone
is of the form hom(F ) for some nonempty face F ⊆ P . In particular, the definition of tangent cones extends to faces of hom(P ). Moreover,
Note that for F = {0}, we have T F hom(P ) = hom(P ) and hence
On the other hand, if F = C, then T C C = R d+1 . A Brianchon-Gram relation for polyhedral cones was proved in [2] .
where the sum is over all nonempty faces F ⊆ C and int(−C) denotes the interior of −C.
The following proposition proves the first half of Theorem 1.1.
Proposition 2.5. Let α be a cone angle on R d and let P ⊂ R d be a full-dimensional polytope. Then
Proof. Let C = hom(P ) + (L(P ) ⊥ × {0}) ⊂ R d+1 . This is a full-dimensional cone and Lemma 2.4 together with the restriction to R d × {0} and the preceding remarks yield the following relation on functions on R d
and applying α to both sides, yields the result.
Belt polytopes and angle vectors
Zonotopes play an important role in geometric combinatorics (see [31, Ch.7] ) as well as convex geometry (cf. [11] ). Faces of zonotopes are zonotopes and hence all 2-dimensional faces of a zonotope are centrallysymmetric polygons. In fact, this property characterizes zonotopes (see Bolker [9] ). A polytope P ⊂ R d is a belt polytope (or generalized zonotope) if and only if every 2-face F ⊂ P has an even number of edges and antipodal edges are parallel. Belt polytopes were studied by Baladze [4] (see also [9] ) and are equivalently characterized by the fact that their normal fans are given by a hyperplane arrangement.
Let H be a central arrangement of hyperplanes, that is, the collection of some oriented linear hyperplanes 
is an element of L(H) and we record the following consequence. for all i = 0, . . . , d − 1.
Proof. Let L ∈ L. From Proposition 3.1 we infer that as elements of S
where the sum is over all faces F ⊆ P with L(F ) = L. For i = 0, 1, . . . , d − 1 fixed it follows that
and applying α yields the claim. Proof. Proposition 2.3 implies that ⊆ holds and thus we only need to exhibit d polytopes whose exterior angle vectors are linearly independent. By Theorem 3.2, it suffices to find d zonotopes Z 0 , . . . , Z d−1 ⊂ R d such that the d-by-d matrix A = (a ij ) i,j=0,...,d−1 with a ij = W i (Z j ) has rank d. Let Z j be the zonotope obtained from a collection of d + j generic vectors. Then
Row operations together with Pascal's identity then show that A has determinant 1, which proves the claim.
The incidence algebra I(P) of a poset (P, ) is the vector space of all functions h : P × P → C, such that h(a, c) = 0 whenever a c and with multiplication for a ≺ c. For a graded poset P of rank d, the characteristic polynomial χ P (t) ∈ Z[t] is defined by
The numbers w i (P), called the Whitney numbers of the first kind, are explicitly given by w i (P) = a : rk(a)=i µ P (0, a) .
In particular, w 0 (P) = 1 and w d (P) = µ(0, 1). The characteristic polynomial χ L (t) where L = L(H) is the lattice of flats of a hyperplane arrangement H captures a number of important properties. For example, Zaslavsky's celebrated result [30] states that |χ L (−1)| is the number of regions of H; see also [6, Ch. 3.6] . Here, however, we will be interested in the characteristic polynomial of L op .
The following is a first indication. The proof makes use of the fact that tangent and normal cones are related by polarity.
Proposition 3.5. Let P ⊂ R d be a full-dimensional polytope and v ∈ P a vertex. Then
Proof of Lemma 3.4. We again prove the following more general statement over S
where the sum is over all faces F ⊆ P with L(F ) = L.
Let us assume that L = 0 = {0}. Proposition 3.5 states that T v P is precisely the polar cone N v P ∨ . That is, if w ∈ int(T v P ), then the hyperplane w ⊥ does not meet int(N v P ). Note that since P is a belt polytope, the cones N v P are the regions of H = H(P ).
Hence, for a generic w, the left-hand side of (8) is the number of regions of H that are not intersected by w ⊥ . By a classical result of Greene and Zaslavsky [13, Thm. 3.1], this number is independent of w and is exactly (−1) d−dim L µ L(P ) (0, 1).
For L = 0, let π L : R d → L ⊥ be the orthogonal projection along L. Then π L (P ) is a belt polytope and L(π L (P )) is isomorphic to the interval [L, 1] ⊆ L(P ).
The following proves the remaining half of Theorem 1.2.
Proof of Theorem 1.2. With the help of Lemma 3.4, we deduce for L ∈ L(P ) with dim L = i
In [21] , Novik, Postnikov, and Sturmfels introduced the cocharacteristic polynomial of the lattice of flats: For a zonotope Z of dimension d and lattice of flats L = L(Z), its cocharacteristic polynomial is
Theorem 3.6. For d ≥ 1, let α : C d → R be a cone angle. Then
Proof. The inclusion of the left hand side in the right hand side is the content of Proposition 2.5. Using Theorem 1.2, it suffices to produce d zonotopes Z 0 , . . . , Z d−1 whose cocharacteristic polynomials are linearly independent.
For j ≥ 0, let Z j be the d-dimensional zonotope of d + j generic vectors and let ψ d,j (t) be its associated cocharacteristic polynomial. From [21, Prop. 4.2] we deduce that these polynomials satisfy the recurrence
for d ≥ 1 and ψ 0,j (t) = 1. We claim that the cocharacteristic polynomials ψ d,j (t) for 0 ≤ j ≤ d − 1 are linearly independent. Indeed, the recursion and the fact that deg ψ d,j (t) = d shows that j λ j ψ d,j = 0 for λ 0 , . . . , λ Iterating this idea, it follows that λ = (λ 0 , . . . , λ d ) is in the kernel of the d-by-d matrix A with entries i+j j for i, j = 0, . . . , d − 1. Again appealing to Pascal's identity, it is easy to see that det A = 1, which completes the proof.
Connecting angles with Möbius inversion
In this section we take an algebraic approach to the occurrence of the Whitney numbers of the lattice of flats of a belt polytope in the previous sections. The face lattice of a polytope P is the collection F(P ) of faces of P ordered by inclusion. For a given belt polytope P , we define a certain subalgebra of I(F(P )).
As it will turn out the map F → L(F ) yields a pair of transformations and Theorem 1.2 follows from the fact that the two transformations are adjoint. In particular, we derive a generalization of a result of Klivans and Swartz [18] regarding spherical intrinsic volumes and Whitney numbers. A similar computation shows that I φ (P) is closed under multiplication and since δ ∈ I φ (P), this shows that I φ (P) is a subalgebra.
For a graded poset P of rank d, we can define a binary operation * k : I(P) × I(P) → I(P) for k = 0, . . . , d by
By definition g * h = k g * k h. It is noteworthy that * k and * are associative operations, i.e., for 0 ≤ k ≤ l ≤ d and g, h, m ∈ I(P)
The proof verbatim carries over to prove the following.
Corollary 4.2. Let P and Q be ranked posets. If φ : P → Q is a surjective order preserving map that preserves rank, then
We define a map φ * : I(Q) → I(P) by
The following theorem states that φ * is adjoint to φ * . Theorem 4.3. Let P and Q be posets. If φ : P → Q is a surjective order preserving map. Let q, q ∈ Q and p ∈ φ −1 (q), p ∈ φ −1 (q ). Then for g ∈ I(Q), h ∈ I φ (P), we have:
If, in addition, P, Q are ranked and φ is rank-preserving, then
for all k.
Proof. For the first claim, we calculate: The argument for the second claim is identical and is omitted.
Let C ⊂ R d be a polyhedral cone and let F + (C) the collection of nonempty faces of C partially ordered by inclusion. For a given cone angle α, we note that the interior and exterior angles
are naturally elements of the incidence algebra I(C) := I(F + (C)).
We call two cone angles α, β complementary if
where ζ C is the zeta function of I(C). Complementary angles where studied by McMullen [19] (under the name of inverse angles). In [19] an angle is a collection of normalized and simple valuations α L for cones in linear subspaces L ⊆ R d . The angle of a cone C ⊆ R d is then α L (C) where L = L(C). In this framework, we define the cone angle α L on a linear subspace L ⊂ R d by α L (C) := α(C + L ⊥ ) for any cone C ⊆ L. The next lemma is an adaptation of [19, Lemma 46] . Lemma 46 in [19] guarantees the existence of an angle functional, that is a simple and normalized cone valuation β L for every linear subspace L ⊆ R d such that (11) is satisfied. However, it can be shown that for our definition of angle, the family of angles is of the form β L (C) = β(C + L ⊥ ) for some cone angle β.
Let P ⊂ R d be a belt polytope and let F = F(P ) be the collection of faces of P . As before, we can interpret α(F, G) and q α(F, G) as elements in I(F), by extending α(∅, G) = 1 if dim G ≤ 0 and = 0 otherwise and q α(∅, G) = 1 for all G. Let L 0 be the set L(P )∪{∅} partially ordered by inclusion. Note that ∅ ⊂ {0} = 0 is the minimal element of L 0 and set L(∅) := ∅. This way, the map F → L(F ) is a surjective order and rank preserving map from F to L 0 . For a cone angle α, we define α (F, G) := (−1) dim G−dim F α(F, G).
Theorem 4.5. Let P be a belt polytope and F = F(P ). For every cone angle α, we have α, q α ∈ I L (F) and
Proof. As we noted before, two faces G and G of P are normally equivalent if L(G) = L(G ). Equation (9) implies that that q α and α are elements of I L (F).
Let G ⊆ P be a face and U ∈ L 0 with U ⊆ L(G). Then from (7) in the proof of Theorem 3.2 we infer that
Using Lemma 4.4, let β be the complementary angle to α. Note that ( α * q β)(F, G) = δ F (F, G) for all faces F, G ⊆ P . If F = ∅, then the claim is a consequence of (11). In the case that F = ∅, this follows from our definition of the extension above. Using the fact that L * is an algebra map, we deduce
Recall that ν(C) = vol(C∩B d ) vol(B d ) is the standard cone angle. For a polytope P ⊂ R d , the k-th spherical intrinsic volume is defined as
where the sum is over all vertices v ∈ P and k-faces F ⊂ P . For a given cone angle α, we denote by α k (P ) the generalization of (12) to α.
The machinery developed in this section yields algebraic proofs of Theorem 1.2.
Corollary 4.6. Let α be a cone angle and P a d-dimensional belt polytope. For k = 0, . . . , d − 1 the following hold:
(i) q α k (P ) = W k (L(P )); (ii) α k (P ) = |w d−k (L(P ) op )|; (iii) α k (P ) = |w k (L)|. [18] for the standard cone angle. For more general results in this direction see [3, 24] .
Part (iii) was shown by Klivans and Swartz in
Proof. Let F = F(P ). For (i), we compute q α k (P ) = (ζ F * k+1 q α)(∅, P ) = (L * ζ L 0 * k+1 q α)(∅, P ) = (ζ L 0 * k+1 L * q α)(∅, 1)
and for (ii)
For (iii)
The algebraic perspective on angles is very helpful and will facilitate proofs and computations in the next sections.
Flag-angle vectors
In this and the next section we prove Theorems 1.3 and 1.4. Our strategy of proof is as follows. First, we will show that the interior/exterior flag-angle vectors satisfy the relations stated in Theorem 1.3. This is done in Propositions 5. Proof. Let S = {s 1 , . . . , s k } and set s 0 := 0. Unravelling the definition of exterior flag-angle vectors (see (5)), we compute
where the sums are over faces F i with dim F i = s i for i = 0, . . . , k and where the third equality follows from Proposition 2.3.
As for the linear relations on interior flag-angle vectors, we take a more algebraic approach. Let P be a d-dimensional polytope with face lattice F = F(P ) and S = {0 ≤ s 1 < s 2 < · · · < s k ≤ d − 1}. Using (10) together with the fact that rk F (F ) = dim F − 1, we can give the following expression for the S-entry of the interior flag-angle vector
Proposition 5.2. Let P be a d-dimensional polytope. For S = {0 ≤ s 1 < s 2 < · · · < s k ≤ d − 1} set t := min(S ∪ {d}). Then
Proof. Recall that the Möbius function µ F = ζ −1 F is given by µ F (F, G) = (−1) dim G−dim F for faces F ⊆ G ⊂ P . For a fixed face G, Proposition 2.5 yields
The result now follows by evaluating
Let P be a graded poset of rank d + 1 and let S = {s 1 < s 2 < · · · < s k } ⊆ [d]. The flag-Whitney numbers of the second kind as defined in the introduction are given by W S (P) = (ζ P * s 1 ζ P * s 2 · · · * s k ζ P )(0, 1) .
Similarly, we define the flag-Whitney numbers of the first kind by
where the sum is over all chains 0 ≺ c 1 ≺ c 2 ≺ · · · ≺ c k with rk c i = s i for i = 1, . . . , k. Now the same reasoning as in the proof of Corollary 4.6 yields Theorem 1.4:
Proof of Theorem 1.4. Let F = F(P ) be the face lattice of P and let L 0 be the poset L = L(P ) with a new minimal element ∅ adjoined. The maximal element of L 0 is 1 = L(P ). We also set t i := s i + 1 and compute for the first equation:
and for the second statement:
In order to complete the proof of Theorem 1.3, we observe that the flag-Whitney numbers of the second kind determine the flag-Whitney numbers of the first kind. We show this in more generality. Let P be a finite poset with 0 and 1 and let R := C[[z a : a ∈ P]] be the ring of formal power series with variables indexed by elements of P. For a unipotent g ∈ I(P), i.e., g(a, a) = 1 for all a ∈ P, we define
where the sum is over all multichains 0 ≺ c 1 c 2 · · · c k ≺ 1. Since every multichain comes from a unique chain, we can rewrite F g (z) to
If P is a graded poset of rank d + 1, then for g = ζ, we get
Since the elements q i 1−q i for i = 1, . . . , d are algebraically independent over S, G P (q) encodes the flag-vector of P. The relation to the flag-Whitney numbers of the second kind follows from the next theorem.
Theorem 5.3. Let g ∈ I(P) be unipotent. Then
Proof. We observe that
The coefficient g(0, b 1 )g(b 1 , b 2 ) · · · g(b k−1 , b k ) now contributes to every multichain supported on a subset of {b 1 , b 2 , . . . , b k }. Rewriting, this is the same as
The computation is reminiscent of calculation of the antipode applied to the quasisymmetric function associated to a graded poset in Ehrenborg [10] .
Proof of Theorem 1.3. Propositions 5.1 and 5.2 yield that the linear relations given in Theorem 1.3 hold.
In particular, this shows that the dimensions of the affine hulls of interior/exterior flag-angles is at most 2 d−1 − 1. Theorem 6.1, that we will prove in the next section, shows that the dimension of the affine hull of flagvectors of L(Z) where Z ranges over all d-dimensional zonotopes is of dimension 2 d−1 − 1. This proves the claim for exterior flag-angle vectors.
The same reasoning applies to the interior flag-angle vectors and it suffices to determine the affine span of (w S (L(Z) op )) S for d-dimensional zonotopes Z. From Theorem 5.3, we deduce that
Since G P (q) → G P ( 1 q ) is linear, this shows that the spaces of flag-Whitney numbers of the first and of the second kind spanned by posets of rank d + 1 are linearly isomorphic and completes the proof.
Flag-Whitney numbers and zonotopes
Let P be a graded poset with 0 and 1 of rank d+1. It was shown by Billera and Hetyei [8] that flag-vectors of general graded posets do not satisfy any nontrivial linear relation. That is dim aff{W(P) ∈ R 2 d : P graded poset of rank d + 1} = 2 d − 1 .
The only linear relation is given by W ∅ (P) = 1.
In light of Theorem 1.4, we can complete the proof of Theorem 1.3 for exterior flag-angles by proving the following refinement of the result of Billera and Hetyei. The result is analogous to that of Billera-Ehrenborg-Readdy [7] where it is shown that the flag-vectors of face lattices of zonotopes span the space of flag-vectors of Eulerian posets. For the proof of Theorem 6.1, we will employ the coalgebra techniques developed in [7] .
Let A = k a, b be the polynomial ring in noncommuting variables a and b. This is a graded algebra A = d≥0 A d and a basis for Following [7] , we consider two natural operations on zonotopes: If Z ⊂ R d is a zonotope, then E(Z) := Z × [0, 1] ⊂ R d+1 is a zonotope of dimension dim Z + 1. This is clearly a combinatorial construction and for the lattice of flats L = L(Z), we note that (i) xba ∈ Z d+1 for all x ∈ Z d−1 :
2 E(xb) − M(E(xb)) = xba .
(ii) xab ∈ Z d+1 for all x ∈ Z d−1 :
M(E(xa)) − E(xa + bx + R(x)) = xab .
(iii) xba n ∈ Z d+1 for all x ∈ Z d−n , n = 1, . . . , d − 1:
For n = 1 this is just (i). We may assume that the claim holds for all values < n + 1 and compute E(xba n ) = xba n+1 + xba n b + n i=1
x i ba i for some x i ∈ A d−i−1 . Since x i ba i ∈ Z d+1 by induction and xba n b ∈ Z d+1 by (ii), we see that xba n+1 ∈ Z d+1 . (iv) xab n ∈ Z d+1 for all x ∈ Z d−n , n = 1, . . . , d − 1:
For n = 1 this is just (ii). Assume the statement holds for all values < n + 1:
x i ab i for some x i ∈ A d−i−1 . Since x i ab i ∈ Z d+1 by induction and xab n a ∈ Z d+1 by (i), we see that xab n+1 ∈ Z d+1 .
Since every monomial in A d+1 which contains at least one a and b is of either the form xab n or xba n , we see that it remains to show that a d+1 and b d+1 are in Z d+1 as well. For that we compute
Since ba d , b d a, R(a d ), R(b d ) ∈ Z d+1 , this finishes the proof.
In fact we have proven the following statement: Proof. In the proof of Theorem 6.1 we only needed elements of the form E(x) and M (E(x)), x ∈ A d , to span A d+1 , thus the assertion follows by induction.
